We outline a simple continuum model of the stresses that result from the coalescence and growth of islands during deposition of a polycrystalline thin film. Our model includes a detailed description of attractive forces between neighboring islands, and also accounts for mass transport along surfaces and grain boundaries. The finite element method is used to calculate the island shape changes as well as the stresses and displacements in the film during the growth process. The model reproduces several experimental observations, including the variation of stress with film thickness, the range of observed growth stresses, and the effects of deposition flux and grain boundary diffusivity on stress.
We outline a simple continuum model of the stresses that result from the coalescence and growth of islands during deposition of a polycrystalline thin film. Our model includes a detailed description of attractive forces between neighboring islands, and also accounts for mass transport along surfaces and grain boundaries. The finite element method is used to calculate the island shape changes as well as the stresses and displacements in the film during the growth process. The model reproduces several experimental observations, including the variation of stress with film thickness, the range of observed growth stresses, and the effects of deposition flux and grain boundary diffusivity on stress. DOI Many thin solid films grow by the Volmer-Weber mechanism, whereby isolated crystalline islands nucleate on a substrate as a result of the deposition of film material. Further deposition makes the islands grow, change shape through mass transport, and coalesce to form a continuous polycrystalline film. During the growth process, the films exhibit complex stress histories, which are detected by measuring the substrate curvature and using the Stoney formula [1, 2] . If the stresses vary through the thickness of the film, the results are commonly reported as either the ''film force'' f or the ''instantaneous stress'' ins , given by
where h is the volume-equivalent film thickness. Most experimental observations in materials with high grain boundary (GB) diffusivity report a three-stage growth process in which (I) prior to coalescence, a small compressive stress is observed, (II) at coalescence, the stress turns tensile and reaches a peak value, and finally, (III) with further deposition, the instantaneous stress, ins reaches a constant value. This steady-state stress depends on growth flux, with increasing growth flux inducing more tensile stresses [3] [4] [5] . In materials with low yield points, tensile stress generation is limited by the onset of plastic flow as has been evidenced by the appearance of dislocations on the surface of Ag films soon after coalescence [6] . Several mechanisms have been proposed to explain the three stages of behavior [7] . The compressive stress during stage I has been attributed to surface tension effects as well as adatom-substrate interactions [8, 9] . The tensile rise in stage II coincides with island coalescence and is thought to be a consequence of attractive forces that act between neighboring islands [10 -13] . Stage III is less well understood; the compressive stresses that develop in high mobility films have been attributed to surface stress effects [9, 14] , and to an excess chemical potential arising from a high surface adatom concentration caused by the growth flux [4, 7, 15] . The tensile stresses observed at high growth rates have been attributed to incomplete bonding in the GB, which generates a tensile stress [5] , but no quantitative model of this effect exists to date. Furthermore, the details of these mechanisms are still the subject of much debate [14, 16, 17] , and no existing models can account fully for both tensile and compressive growth. In this Letter, we show that the principal features of experimental observations can be explained by a simple continuum model, in which the attraction between neighboring islands is idealized using a cohesive zone, while atomic attachment and migration on the surface, into the triple junction, and down the grain boundary are modeled using a continuum surface and GB diffusion formulation. We find that both tensile and compressive stress can be generated naturally from these processes, depending on the way material is accommodated in the vicinity of the triple junction during the formation of new grain boundaries. Furthermore, most trends observed in our model are in good qualitative and quantitative agreement with experiment.
Our model system is illustrated in Fig. 1 . We idealize a thin film as a periodic array of two-dimensional islands of grain size 2L on a substrate. Both island and substrate are elastic solids with elastic constants E and , and are assumed to deform in plane strain. Our goal is to compute the shape of the islands and the stress distribution as they coalesce into a continuous polycrystalline film. The driving force for the formation of grain boundaries arises from attractive forces between neighboring islands. We approximate this interaction using a cohesive zone law, which specifies the traction at a point s on the surface or GB as a function of the local gap, s, as
Here, 0 corresponds to the equilibrium spacing between the two crystals that meet at the GB. Since neighboring crystals will generally have different orientations this does not necessarily represent a separation of one interatomic lattice parameter. When < 0, neighboring grains are understood to be closer than this equilibrium position, so that they repel each other (t < 0); for > 0 the traction is tensile, increases to a maximum value of m at , and decays to zero as ! 1. The work of separation follows as 2e m , and the interface energy is given by I 2 s ÿ . Such approaches are standard in characterizing interplanar potentials in models of fracture [18] .
The islands grow as a result of the attachment of adatoms onto their surfaces from a surrounding vapor phase. We quantify this flux by specifying the volumetric flux per unit area, j n s, which is uniform outside the GB and normal to the surface. To avoid depositing material into the GB, the flux is made a function of by letting j n j 0 g, where g < 0 0, g > 1 1, and g 6 5 ÿ 15 4 10 3 ; 0 1; (3) and ÿ gb = tj . gb and tj are parameters that control the location and width of the triple junction region. Here, < 0 corresponds to the GB and > 1 corresponds to the free surface. In the early stages of growth when R L we neglect any attachment of film atoms coming from the surface of the substrate onto the islands. The islands also evolve as a result of mass transport along the surface and down the GB [19] , which is driven by the chemical potential
where is the atomic volume, n ÿtn 1 is the normal stress, is the surface curvature (defined so that a concave surface has positive curvature), and s is the isotropic surface energy. Note that terms of order E ÿ1 , such as the strain energy density, have been neglected in writing Eq. (4). Material flows down the chemical potential gradient according to
where j s is the volumetric flux per unit distance in the x 3 direction, k is Boltzmann's constant, and T is the absolute temperature. We distinguish between the surface and the GB by making the diffusion coefficient a function of :
where g is defined after Eq. (3), D g and D s are the GB and surface diffusivities, and 2w g and w s are the thickness of the layers in which GB and surface diffusion layers take place [20] . Finally, the normal velocity follows from Eqs. (4) and (5) and mass conservation as
A typical simulation starts with semicircular islands with radius R L, so that they are isolated and stress free. Equation (7) is solved at successive time steps, together with the equations of linear elasticity (which govern the elastic displacements inside the islands) using the finite element method. The film force in Eq. (1) is computed as
where A is the area of one island. Following each time step a point x on the surface in the reference configuration is moved to x tv n n, and the finite element mesh is regenerated.
Our approach differs from previous models in several respects. Most previous models of tensile stress generation [10 -12] assume that the islands deform purely elastically, without mass transport, and do not specify the forces responsible for the stress. In contrast, our model explicitly accounts for the forces that give rise to this energy change, and computes the shape changes that result from the growth flux and diffusion, in addition to elastic displacements inside the islands. Our treatment of surface and GB diffusion also differs from the standard approach in two respects. First, in the usual treatment, the surfaces and GB are treated separately, and appropriate constraints are imposed at the triple junction to ensure local balance of forces and chemical potential continuity between the GB and surfaces [21] . In contrast, our model does not contain a separate description of the triple junction. Instead, the triple junction develops naturally as a curved region of width between the GB and surface, which is subjected to the tensile cohesive tractions [22] . Second, standard treatments of GB diffusion do not account for the elastic compliance of the GB, and therefore in these models the boundaries of the two crystals adjacent to the boundary must remain compatible at all times. Our model allows a small elastic displacement jump across the GB, so that the two surfaces adjacent to the boundary may evolve independently.
The results of our simulations will be presented in dimensionless form. Because of dimensional considerations, ins depends on growth flux and diffusivity through the dimensionless flux
Unless otherwise stated, our simulations use E= m 271, =L 0:02, I = s 1:625, gb 0, tj = 1, Q gb =Q s 1. Figure 2 shows a representative set of f vs h curves for different growth fluxes. These results capture many features of experimental observations. Specifically, they exhibit a three-stage growth process consisting of (I) a period PRL
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of stress-free growth [23] , (II) a rapid tensile rise at the point of island coalescence, and (III) a final phase in which the instantaneous stress approaches a constant value that depends on growth rate. In addition, the model predicts compressive steady-state stress at low growth rates and tensile stress at high growth rates. The variation of the steady-state value of ins with growth flux is shown in more detail in Fig. 3 In contrast, films grown at very low growth rates (J 1) develop a small compressive stress. Simulations in which the growth flux is interrupted and the system is left to relax show that this small compression is the equilibrium GB stress. Between these two limits, films with w g D g =w s D s > 10 ÿ2 exhibit a peak compressive stress near a normalized growth flux of J 10 3 , which can be 5-10 times greater than the equilibrium compressive GB stress.
The trends in Fig. 3 are in good agreement with experiments. In particular, they indicate that (i) films grown at sufficiently low deposition fluxes (J 1) develop compressive stresses; (ii) in some cases (e.g., w g D g =w s D s 1), as the deposition flux is increased (for J > 10 3 ), the stress turns tensile; (iii) the tensile stress asymptotes to a fixed value for sufficiently high growth flux, as has been widely reported [3, 5] ÿ31 m 3 =s, and T 750 C. The variation of stress with growth flux shown in Fig. 3 is a consequence of the rearrangement of material near the triple junction during the formation of new grain boundaries. The stresses are determined primarily by the amount of excess material that is driven into the GB. For high J, the islands change shape primarily as a result of the deposition flux, without significant surface or GB diffusion. The rate of deposition onto the surfaces begins to decrease as they begin to interact through the cohesive zone ( ) and drops to zero at 0 as described by Eq. (3). As a result, the two neighboring islands grow so that the separation between the two crystals adjacent to the GB exceeds the equilibrium value ( > 0), causing the GB to grow in tension. For low values of normalized growth flux J, excess material can diffuse into the grain boundary as a result of variations in chemical potential, resulting in compressive stresses. For example, Fig. 4(a) shows the variation of stress, surface curvature, and chemical potential for J 1. Under these conditions, the system is essentially at equilibrium. The traction-free surface outside the triple junction has a convex curvature ÿ1=L, resulting in a chemical potential s =L. In the triple junction region, the two adjacent crystals are subjected to a large tensile (attractive) stress, which is balanced by a large convex curvature to maintain a constant chemical potential. Inside the GB, the curvature vanishes, so that for chemical potential continuity, a small compressive stress ÿ s =L must be developed. The average stress in the islands is compressive, because the GB length greatly exceeds the size of the triple junction.
At larger growth fluxes (J 10 3 ) the deposition flux drives the crystals near the triple junction away from equilibrium, as illustrated in Fig. 4(b) . Under these conditions a chemical potential gradient develops just inside the tensile region of the triple junction, which drives diffusion into the GB. The amount of material that is driven into the GB depends on the deposition flux and the ratio w g D g =w s D s . It is greatest for w g D g =w s D s 1 (assuming w g D g w s D s ), in which case the compressive stress can reach between 5 and 10 times the equilibrium value. A somewhat analogous mechanism for generating compressive stress was proposed by Chason et al. [4] . In their model, material is driven into the GB by the excess chemical potential associated with adatoms on the surface.
It is important to note that, under representative deposition rates, long-range mass transport does not occur in our simulations; rather, diffusion is confined to a narrow region immediately adjacent to the triple junction. Long-range diffusion only occurs at the lowest growth rates, where the system is close to equilibrium. The extremely low growth rates are not easily accessible experimentally, so the peak compressive stress predicted by our simulations has not been observed; instead, experiments generally show that the compressive stress increases as the deposition flux is reduced. However, compressive stresses are observed to relax during growth interrupts, suggesting that compressive stresses measured experimentally do exceed the equilibrium value. The mechanism described above could provide an explanation for this increased compressive stress.
Although our model is based on a simple description of the underlying physics of polycrystalline island growth, it predicts behavior that is in remarkably good qualitative and quantitative agreement with experiment. Nevertheless, a number of issues require further study. First, a more detailed treatment of the kinetics of the deposition process, as well as the details of surface and GB transport, may provide a better description of the relationship between stress and growth flux. Second, the stress evolution in our model is a consequence of a complex rearrangement of material in the immediate vicinity of the triple junction, and the ability of a continuum model to describe material behavior accurately at such short length scales is questionable. Also, our assumption of isotropic surface energy is unrealistic: most crystals of interest develop facets. In addition, we have neglected the possibility of recrystallization, which can lead to increased tensile stresses following coalescence and has been observed to occur in Ag films [6] . Finally, our model greatly oversimplifies the geometry and size distribution of islands during coalescence. Nevertheless, the model presented here provides a new and promising methodology for modeling this complex and important phenomenon. This work is supported by the MRSEC Program of NSF under Grant No. DMR-0520651. *Electronic address: jstello@gmail.com †
